Positivity constraints for generalized parton distributions (GPDs) are studied for the spin 1/2 hadrons. The analysis covers the full set of eight twist-2 GPDs. Several new inequalities are derived which constrain GPDs by various combinations of usual (forward) unpolarized and polarized parton distributions including the transversity distribution.
Introduction
Generalized parton distributions (GPDs) appear in the QCD factorization approach to the description of a number of hard exclusive processes, including deeply virtual Compton scattering and hard exclusive meson production [1, 2, 3, 4, 5] . GPDs are nonperturbative objects, therefore any model independent theoretical constraints on them are of interest. In particular, certain information about GPDs can be extracted from so called positivity bounds. The positivity bounds on GPDs are derived starting from the inequality [6, 7, 8] 
Here |P k , λ is nucleon state with momentum P k and polarization λ, φ µ is the component of the quark (or gluon) field corresponding to the polarization µ, and n is a light-cone vector. Generally speaking, inequality (1) should hold for any coefficients c (k) λµ but so far it was analyzed only for some specific choices of c (k) λµ . As a result some information was lost and the resulting bounds on GPDs were not as strong as they could be. In particular, one can mention the following inequality [7, 8] often cited in literature
Here notations of X. Ji [9] are used for the quark GPDs (H q , E q , . . .) and for their arguments x, ξ, t. In the rhs of (2), q(x k ) is the usual (forward) quark unpolarized distribution taken at values of x 1,2
In ref. [10] it was noted that inequality (2) is not justified because in its derivation the contribution of GPD E q was ignored. The authors of ref. [10] have derived the corrected version of (2)
and have suggested the following bound on E
Here m is the nucleon mass and t 0 is the maximal (negative) value of the squared nucleon momentum transfer t
Later in ref.
[11] a stronger bound for
was derived using the freedom of choice of coefficients c (k) λµ in the underlying inequality (1) .
One has to keep in mind that the general positivity bound (1) contains much more constraints on GPDs than the above examples (4), (5), (7) . The aim of this paper is to disentangle these constraints and to extract from inequality (1) as much information as possible.
In ref.
[12] a classification of twist-2 GPDs was suggested in terms of eight distributions
Inequality (1) defines some region in the eight-dimensional space of GPDs (8) .
In this paper this "allowed region" is studied. In particular, it is found that this region is described by inequalities (28), (29).
In practical problems one is usually interested not in the whole 8-dimensional space of twist-2 GPDs (8) but in some specific GPDs or in some linear combination of GPDs. In this paper the general positivity bound for an arbitrary linear combination of GPDs is derived and several important cases are considered explicitly. In Section 5 the bounds for various quark GPDs are derived and in Section 6 similar inequalities for gluon GPDs are presented.
In the main part of the paper the quark GPDs are considered. The generalization for the gluon case is described in Section 6.
Positivity bound in terms of helicity amplitudes
It is convenient to analyze the general positivity inequality (1) using "helicity amplitudes" (the term is not quite justified but it is used for brevity) introduced in ref. [12] A λ ′ µ ′ ,λµ = dz
Here O µ ′ ,µ are bilinear quark light-ray operators with the polarization indices µ, µ ′ . Next, |p, λ is a nucleon state with momentum p and polarization λ (in the sense of light-cone helicity states [13] ), P + is the light-cone component of vector P = (p + p ′ )/2. The explicit formulas for A λ ′ µ ′ ,λµ borrowed from ref. [12] are listed in the Appendix.
With two values for all polarization indices of A λ ′ µ ′ ,λµ we have 2 4 = 16 components but due to the parity invariance [12] A −λ ′ ,−µ ′ ;−λ,−µ = (−1)
only 8 components are independent. This is exactly the number of twist-2 GPDs (8). There is a one-to-one linear correspondence between the independent components of helicity amplitudes A λ ′ µ ′ ,λµ and GPDs (8) . Therefore solving the positivity constraint (1) in terms of helicity amplitudes A λ ′ µ ′ ,λµ one automatically obtains the solution in terms of usual GPDs H, E, . . . (8) . The work in terms of helicity amplitudes A λ ′ µ ′ ,λµ for the derivation of the positivity bounds is preferable because the underlying inequality (1) looks quite simple in terms of A λ ′ µ ′ ,λµ : c
Here we combined the nucleon-quark polarization indices λ, µ into one multiindex M = (λ, µ). The dagger in A † MN stands for the Hermitian conjugation.
As usually the summation over repeated indices is implied. Parameters x 1 , x 2 appearing in A MN (x 1 , 0, 0) are connected to arguments x, ξ of A MN (x, ξ, t) by relations (3) and the region x > |ξ| is implied. In this paper inequality (11) is analyzed in its general form with arbitrary coefficients c
M we extend the analysis to all kinds of GPDs of leading twist including those with the quark helicity flip. It is interesting that including into analysis the GPDs with the quark helicity flip we get new constraints on helicity non-flip distributions.
Inequality. (11) c
M is nothing else but the positivity condition for the following 8 × 8 matrix
From mathematical point of view this is a trivial linear algebra problem. In this paper inequality (12) is solved in the sense that a rather compact description is found for the region allowed by (12) in the 8-dimensional space of helicity amplitudes.
Solution of positivity constraint
The first step is to reduce the analysis of the positivity of the 8 × 8 matrix (12) to a problem involving only 4 × 4 matrices. This can be done using the symmetry property (10) . This symmetry allows to make matrix A MN block diagonal. Making the transformation
we obtain c
where the 4 × 4 matrixÃ ab consists of two 2 × 2 blocks
The explicit expressions for matrix elements A MN andÃ ab are given in the Appendix. Since the 4 × 4 matrixÃ consists of two 2 × 2 blocks it has 8 nonzero components and this is exactly the number of all twist-2 GPDs (8).
In this representation the positivity condition (12) splits in two independent positivity constraints for 4 × 4 matrices
The positivity of matrix C s automatically leads to the positivity of its diagonal blocks
Matrices F s are diagonal and correspond to the following combinations of usual forward distributions
Here q, ∆ L q, ∆ T q are respectively unpolarized, longitudinally polarized and transversity quark distributions. Thus we reproduce the standard positivity bounds on parton distributions
including the Soffer inequality [14] 2
Now we can replace (17) by the following equivalent condition:
where
It is straightforward to check that positivity condition (22) is equivalent to the following bound on the norm of matrix K s
Equivalently this can be reformulated as the positivity of the matrix
or in terms of matrix elements
Using the trace and the determinant of matrix K † s K s we can reformulate these constraints as follows
In our case of matrix K s (23) these conditions take the form
We remind that the matrix B s (x, ξ, t) is composed of the linear combinations of various GPDs. 
Bounds on separate GPDs and their linear combinations
With 8 independent GPDs hidden in matrices B s (x, ξ, t) the above constraints (28), (29) are hardly tractable. Therefore it is interesting to derive bounds for single GPDs. Since matrix elements of B s (x, ξ, t) are linear in GPDs we can represent any GPD G = H, E, . . . (8) in the form
where L (G) s are 2 × 2 matrices depending on the specific choice of the GPD G. Hence the derivation of constraints on single GPDs reduces to the problem of the calculation of the maximum
under constraints (28), (29). Using relation (23) we can rewrite this as
where the maximum in the rhs is take with respect to all matrices with the property K s ≤ 1. The general solution of this problem for an arbitrary matrix M is max
Here (M † M ) 1/2 is understood as a function of matrix. In our case (32) this gives
This inequality can be applied to any GPD or any linear combination of GPDs.
Bounds on quark GPDs

Inequalities for H q
As an example let us consider a linear combination of GPDs H and E which has a simple expression in terms of amplitudesÃ ab (16)
This structure corresponds to the following choice of matrices L
With these L (G) s we obtain from (34):
Using expression (19) for F s (x k ) we can rewrite this in the form
(38) One can obtain a weaker bound by maximizing the rhs with respect to ∆ T q in the range allowed by Soffer inequality (21)
(39) One step weaker inequality can be derived by maximizing the rhs of (39) with respect to ∆ L q
Actually we have reproduced the inequality derived earlier in ref. [10] . Using the above strategy one can derive bounds for any GPD or any linear combination of GPDs starting from the general inequality (34). From the above example we see that there is a hierarchy of inequalities: 1) strong inequalities where GPDs are bounded by combinations of all forward quark distributions including the transversity distribution, 2) weaker inequalities without the forward transversity distribution, 3) still weaker inequalities where GPDs are bounded by only unpolarized forward distributions.
Inequalities forH
q Now let us turn to the combination of GPDs
This corresponds to the following matrices L
Inserting these matrices
into the general inequality (34) we arrive at the same expression in the rhs as in the above section where the bounds for
−2 E q were derived. Therefore we have the same inequalities for
Inequalities for E q
In the derivation of inequalities for E q one deals with nondiagonal matrices
in the rhs of (34). Computing the trace in the rhs of (34) one obtains the following bound
(46) Maximizing the rhs with respect to ∆ T q we arrive at a weaker bound
(47) Next one can maximize the rhs of (47) with respect ∆ L q, reproducing the bound for E q derived in ref [11] 
Inequalities forẼ q
Inequalities forẼ q differ from inequalities for E q only by a factor of ξ −1 in the rhs: 
Here we use compact notations for the combinations of usual (forward) parton distributions
which appear in diagonal matrices F s (19). Parameters α, β are defined as follows
The weaker bound without transversity distribution ∆ T q looks as follows
Maximizing the rhs of (55) with respect to ∆ L q we obtain
Note that inequality (56) is stronger than the bound for H q derived in [11] but still weaker than the obsolete inequality (2).
Inequalities forH q
Similarly forH q we find
Parameters α, β are given in (54) and functions f k are the same as in eqs. (53). The weaker inequality without the transversity distribution is
(58) and the bound without forward polarized distributions looks as follows
6 Inequalities for gluon GPDs
One can easily generalize the above inequalities for the case of gluon GPDs. As noted in ref. [12] helicity amplitudes A λ ′ µ ′ ,λµ without parton helicity flip (i.e. with µ = µ ′ ) are represented by the same expressions in terms of GPDs in the quark and gluon case. As a result the expressions for H, E,H,Ẽ in terms of amplitudesÃ ab also have the same form for quarks and gluons.
The difference between the quark and gluon cases comes from the following sources.
1) In the gluon case the quark inequality (11) should be replaced by
2) the standard definition of the forward gluon distribution contains an extra factor of x compared to the quark distributions, 3) we use the normalization conventions of ref. [12] for gluon GPDs so that the forward limit of gluon GPDs differs from the standard forward gluon unpolarized g and polarized ∆ L g distributions by a factor of x:
Combining all above factors we see that the transition from the quark case to the gluon one reduces to the replacement
where g k are gluon analogues of quark distributions q k . Of course, one has to keep in mind that the forward gluon transversity distribution vanishes in the case of spin 1/2 target which is considered here. As a result we obtain
Parameters α, β are given by (54). Inequality (64) was derived earlier in ref.
[10].
Conclusions
In this paper we found the domain in the eight dimensional space of twist-2 GPDs which is allowed by the positivity constraint (1). This region is described by polynomial inequalities (28), (29). These inequalities are formulated in terms of matrices B s . One can read the explicit expressions for the matrix elements of B s in terms of GPDs using eq. (16) and formulas of Appendix. Inserting these expressions into inequalities (28), (29) one can rewrite these inequalities explicitly in terms of GPDs (8) . However, it is more effective to work with general matrix notations for the positivity constraint (25). Using this approach we have derived the general bound (34) for an arbitrary linear combination of GPDs.
Various examples of inequalities derived from the bound (34) and presented in Sections 5, 6 are only a small part of what can be read from the general inequality (34).
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A Appendix: helicity amplitudes
Here we list the expressions for the amplitudes (9) from ref. [12] A q ++,++ = 1 − ξ 2 H q +H q 2 −
